ABSTRACT: The two-dimensional steady flow of both infinite and finite aspect ratio (length to diameter ratio) fibers suspended in a Newtonian fluid is investigated numerically. Forty-five-degree convergent and divergent channel geometries are considered for the analysis. Due to symmetry, only half the channel geometry is considered and the orientation field is assumed to be planar. The analysis is carried out for the creeping flows where the inertia terms are neglected. Numerical grid generation is used to generate the mesh, and the transformed governing equations in terms of the stream function are solved in the computational domain using a finite difference scheme. In this study, several solution strategies for solving the orientation field are investigated. The orientation of individual fibers are assumed to be governed by Jeffery's equation. The orientation field, which can be expressed in different forms (i.e., a unit vector, tensorial quantities, or an orientation distribution function), is specified by solving the orientation equations along particle paths. A tracing technique is implemented to obtain these particle paths for each grid point in the flow domain. The solution of the orientation field is obtained by using two basic techniques. First, a large number of fibers are considered, and by using analytical expressions developed to describe the orientation state of one fiber, a statistical orientation distribution function is generated. Second, tensorial quantities (both second-and fourth-order orientation tensors) are employed to solve for the orientation field. In order to overcome the closure problem occurring in the resulting orientation equations, quadratic approximations are used. Maximum orientation angles are reported from both the techniques, and their accuracies are investigated. The maximum orientation angles (i.e., preferred orientation) obtained from the second-and fourth-order tensorial solutions are observed to be identical. On the other hand, the degree of fiber alignments that are specified by the individual tensor components differ considerably. Comparison of the solution techniques shows that the accuracy of the preferred angle obtained from statistical solution is dependent on the number of fibers considered. In addition, the calculations for the finite fiber aspect ratio revealed some discrepancies between the statistical and tensorial results at the regions of rapid fiber tumbling.
INTRODUCTION
HE MECHANICAL PROPERTIES of short fiber composites are highly dependent Ton microstructural characteristics such as the fiber volume concentration, fiber geometry, and the orientation distribution of the fibers. The fiber orientation structure in these materials, apart from being affected by volume concentration and aspect ratio of the fibers, is influenced by the processing conditions used in their manufacture. Experimental evidence has shown that reinforced thermoplastics have the highest strength in the preferred orientation direction of the fibers. Although the strength characteristics of these composites can be determined from micro-mechanical constitutive models, in order to use these models, a prior knowledge of the fiber orientation field is necessary. Thus, if the fiber orientation can be predicted for a given set of processing conditions, manufacturing short fiber composites with the optimum mechanical properties will become possible.
Jeffery [1] , in 1922, studied the motion of an ellipsoidal particle immersed in a homogeneous flow of a Newtonian fluid, and developed an expression describing the particle motion and the forces acting on the suspended particle. Since then, several constitutive models [2] [3] [4] [5] [6] have been developed from which the flow induced orientation can be predicted for the dilute or semiconcentrated suspensions. In general, these constitutive models treat the suspension as a continuum and express the bulk stresses generated in the suspensions as: where Q ; and uP are the stress contributions from the suspending fluid and the particles respectively, g is the viscosity of the suspending fluid, u,, is the velocity gradient tensor, q5, is the fiber volume fraction, S,, and S,,k, are the second-and fourth-order tensors which account for the orientation distribution of fibers, and A, B, C are the material constants that depend on the particle geometry. A detailed discussion on various constitutive models and equations for the material constants can be found in Tucker's recent publication [7] .
In a complex flow, if the spatial stress gradients due to fibers are very small compared to spatial viscous stress gradients, then the fluid behavior is Newtonian (i.e., the presence of fibers does not alter the flow kinematics). Consequently, the implementation of an anisotropic model is not needed and the sole use of Jeffery's equation is sufficient to characterize the orientation field. As the expression of af, indicates, the particle stress contribution linearly varies with the fiber volume fraction 0, and therefore, in any flow there exists a critical particle volume fraction below which the suspension can be regarded as Newtonian. For such cases, Givler et al. [8] solved the planar fiber orientation field of complex twodimensional flows by numerically integrating Jeffery's orientation equation along the streamlines. On the other hand, if stress gradient contributions from the particles are comparable or larger than the suspending fluid contributions, the suspension exhibits non-Newtonian characteristics with directional dependent properties (i.e., anisotropic) which necessitates the simultaneous solution of the flow and orientation fields by using a proper constitutive model.
A few numerical solutions to the above described coupled problem (i.e., accounting the affect of particles on the flow field by utilizing an anisotropic constitutive model) have recently been reported. Papanastasiou and Alexandrou [9] worked on the isothermal extrusion of nondilute fiber suspensions. (7) reduces to where x, and x° are the fluid particle coordinates at times t and t° respectively. Hence, the orientation vector components can be easily calculated from the flow kinematics and initial fiber orientation using Equation (6) . To (12) is only valid for random initial orientation of fibers. Using this initial condition, the normalization condition is obtained as Equation (12) has been used in Reference [16] to evaluate the orientation distribution function for various two-and three-dimensional flow fields for infinite aspect ratio fibers.
The analytical solution of the Fokker-Planck equation as given in Equation (12) is not available for nonrandom initial orientations. This severely restricts the applicability of the distribution function for complex flows where the solution of the orientation state along a streamline is required.
ORIENTATION TENSORS
Although the statistical orientation distribution function provides a complete and accurate description of the orientation state, it has been shown that the orientation state of fibers in a suspension can be described with reasonable accuracy with tensors [17] . A number of researchers [5, 6, 12] have used these tensors in the numerical computation of the orientation of fibers successfully. Even though the accuracy of the orientation description improves when a higher order tensor is used [17] , second-and fourth-order tensors were found to be adequate for the present analysis. The second-and the fourth-order (i.e., S'J and Si,k,, respectively) orientation tensors are defined as (18) is discretized using a finite difference scheme and solved for the stream function in a computational plane ~-77. ORIENTATION 
EQUATIONS
As stated earlier, most constitutive models assume that the orientation of individual fibers is governed by the Jeffery's equation given by Equation (3) . In order to obtain the orientation equations, the definitions of the second-and fourth-order orientation tensors are used as a starting point. Taking the derivative of Equation (14) with respect to time and using Equation (3) , the second-and the fourth-order orientation evolution equations can be written with the indicial notion :
The components of the orientation tensors are obtained from the solution of the resulting orientation equations. Altan [12] has successfully used quadratic closure approximations to solve the anisotropic flow of fiber suspensions in a two-dimensional straight channel. Lipscomb [5] has also used the same approximation in order to obtain solutions for the flow of dilute suspensions in a sudden contraction. By means of the quadratic closure approximation and the properties of orientation tensors defined earlier the second-order evolution equation becomes Also, the resulting evolution equations for the fourth-order orientation tensor are given by
The second-and the fourth-order orientation tensor components are obtained from these ordinary differential Equations (25-32) which are solved along the particle paths using the Livermore Solver for Ordinary Differential Equations (LSODE).
SOLUTION TECHNIQUES Solution Technique for Biharmonic Equation
The transformed governing equations are solved using a finite difference scheme in the computational domain (~, 11). The stream function is represented explicitly which enables it to be solved iteratively using a Gauss-Seidel technique with SOR (Successive Over Relaxation) to speed up convergence. In order to solve Equation (18) , a set of fictitious nodes is necessary around the domain of interest so that the boundary conditions are satisfied. The boundary conditions for the stream function calculation for both the channel geometries are the same except at the inlet of the channel. Because of symmetry, only half of the channel geometry is considered as shown in Figures 3 and 7 . On the channel centerline, the velocity gradients with respect to y is zero. On the channel wall, no-slip boundary condition is imposed, and at the channel exit, fully developed flow is assumed. The boundary condition at the inlet is dependent on the channel geometry. In the case of a convergent channel, radial velocity is specified at the inlet.
The radial velocity, Vn is given by where Q is the volume flow rate, () is the density of the fluid, r and 9 are variables in the radial and angular directions respectively, and a (forty-five degrees for the considered geometry) is the angle of convergence. In the divergent channel geometry, a parabolic velocity profile given by is specified at the inlet. Here, Mmax is the maximum velocity and is equal to unity. After the expansion, a straight channel is used long enough to ensure a fully developed velocity profile at the exit.
Solution Technique for Orientation Evolution Equations
In order to extract the orientation information in terms of the second-and fourth-order tensor components, it is necessary to solve the orientation Equations (25-32) at each nodal point in the flow domain along particle streamlines. Therefore, a tracing technique is implemented to trace the stream function value from every single nodal point in the domain back to the inlet, thus specifying individual particle paths. Along each particle path corresponding to a single nodal point, average velocity gradients and the time spent in the interval defined by adjacent mesh points are computed. This information is employed in the LSODE and the procedure is repeated, constantly updating the orientation information until the whole path is traversed up to the nodal point of interest. This procedure is not valid for the nodes on the channel wall where the velocity vector is zero, and for the nodes on the inlet of the channel, where a random initial orientation is specified using the definition of the second-and fourth-order orientation tensors. Hence, using Equation (14) , the following values are obtained for the second-order orientation tensor at the inlet:
For the fourth-order tensor components
On the wall boundary, the orientation of the fibers is specified to be aligned with the channel wall.
After the solution of S,, and S,,kl along the particle pathlines for each node, maximum orientation angle is calculated. From The strain tensor evaluated from Equation (7) is utilized in Equation (6) Figure I is chosen for the analysis. All lengths are non-dimensionalized with respect to the straight channel width, and the total channel length is selected to be ten. Due to the high extensional velocity gradients, the grid lines are concentrated towards the contraction of the channel as shown in Figure 2 . Figure 3 provides that for an nth-order tensor, the results should approach to exact values as n approaches infinity. Consequently, in this paper, only the results from the fourthorder orientation tensors were used in the graphs and vector plots. Figures 4a and 6a show the maximim orientation angles obtained close to the inlet of the converging channel. Figure 4a depicts the results for infinite fiber aspect ratio, while Figure 6a depicts (Figures 5 and 7) . However, from the comparison of Figures 4b and 6b , the orientation angles are observed to be slightly different near the channel wall. In the straight channel portion, the shear flow is prominent, and as expected, the fibers tend to align themselves with the flow as seen in Figure 4c . Due to high shear rates existing near the wall of the channel, the fibers close to the wall align themselves at a quicker rate ( Figure 5 ) compared to those close to the centerline of the channel. On the other hand, the finite aspect ratio solution depicts fiber tumbling near the channel wall, as seen in Figures 6c and 7 . As shown in Figure 6c , the agreement between the statistical and tensorial solutions is satisfactory except for one node near the wall. A better illustration of the variation in orientation angles along the channel length can be seen in Figures 4d and 6d . Note that the orientation angles in Figure 4d and Figure 8 is selected for the analysis. All lengths are non-dimensionalized with respect to the width of the channel at the inlet and the overall channel length is chosen to be twelve. A straight channel is included after the diverging section for ease in satisfying the exit boundary conditions. A mesh size of 45 x 31 with a relative convergence criteria of is used in the computations. Due to the high velocity gradients near the inlet and exit of the diverging section, grid concentration in these regions is found to be necessary. In addition, the grid lines are concentrated near the channel wall as shown in Figure 9 in an attempt to capture the possible fiber tumbling in detail. Figures l0a and 12a show 
